In this paper, an analytical approximation formula for pricing European options is obtained under a newly proposed hybrid model with the volatility of volatility in the Heston model following a Markov chain, the adoption of which is motivated by the empirical evidence of the existence of regime-switching in real markets. We first derive the coupled PDE (partial differential equation) system that governs the European option price, which is solved with the perturbation method. It should be noted that the newly derived formula is fast and easy to implement with only normal distribution function involved, and numerical experiments confirm that our formula could provide quite accurate option prices, especially for relatively short-tenor ones. Finally, empirical studies are carried out to show the superiority of our model based on S&P 500 returns and options with the time to expiry less than one month.
Introduction
Although the well-known Black-Scholes (B-S) model enjoys great popularity in the area of option pricing due to its simplicity and tractability, a lot of evidence has shown that it is inadequate to precisely model the dynamics of the underlying price. In real markets, the log-returns of the underlying price tend to be skew and fat-tailed [27] , and the implied volatility extracted from market data often forms a "smile" curve [10] , which is at odds with the constant volatility assumption. Hence, research interest has been led into finding more appropriate models for the underlying price.
In particular, one common modification to the B-S model is to relax the constant volatility assumption. Local volatility and stochastic volatility are two main approaches in the literature. Local volatility was proposed by Dupire [11] , who assumed the volatility be a deterministic function of the underlying price and time. However, stochastic volatility models are much more favored since the "smile dynamics" are poorly captured by local volatility models [16] .
A number of authors has worked on stochastic volatility models. The addition of another stochastic source has made the option pricing problem much more complicated, and in most cases only numerical methods could be used to find the European option prices (e.g., [28] , [34] ). Moreover, although Hull & White [21] were able to derive a semi-closed form pricing formula under their model, their assumption that the volatility be independent of the underlying price is inappropriate since many empirical studies have shown that the volatility and the underlying price are negatively related [2] . A similar case is the Stein-Stein model [31] , where a closed-form formula for European options exists. However, their volatility dynamic is again inconsistent with the fact that the volatility should always be positive. Fortunately, the famous Heston model [19] was proposed in 1993, the volatility dynamic of which satisfies a wide range of properties, such as the non-negative property and mean-reverting property, and most importantly, a closed-form pricing formula could be worked out for European options. However, it should also be pointed out that the Heston model is not perfect either since there already exists empirical evidence showing that the mean-reverting property for a volatility process is actually not linear [3] .
In this paper, we propose a new stochastic volatility model, where the volatility of volatility in the Heston model follows a Markov chain so that it could jump between two states. Our motivation stems from the fact that the Heston model with constant parameters may not provide good fit to market data, and the time-dependent Heston model has already been studied by Buhler [5] , Mikhailov & Nogel [26] and so on. Moreover, the stochastic volatility of volatility has been considered in modeling the VIX dynamics [23] , while variance and volatility swaps are priced under the regime-switching Heston model with the long-term mean following a Markov chain in [13] . In fact, quite a lot of empirical evidence already suggests that there are certain advantages to incorporate regimeswitching into the volatility process. For example, Kalimipalli & Susmel [24] adopted a regime-switching stochastic volatility model to describe the short-term interest rate and they found that it can lead to a better in-sample performance than the classical stochastic volatility model, while results in [22] show that squared returns are better specified by regime-switching stochastic volatility models. Also, it has already been shown by So et al. [30] that persistence in volatility can be explained by a regime-switching stochastic volatility model. In addition, Vo [32] found strong evidence of regime-switching in real markets, and he even pointed out that introducing regime-switching into the framework of stochastic volatility can bring two main advantages; one is that it can significantly enhance the forecasting power of the stochastic volatility model, and another is that the regimeswitching stochastic volatility model does a better job in capturing major events affecting the market. Therefore, considering the fact that the Heston stochastic volatility model is a widely adopted model in real markets, it is natural for us to consider an introduction of regime-switching into this particular model, with the volatility of volatility in the Heston model being made regime-switching. Of course, since a great feature of the Heston model is the existence of a simple and analytical pricing formula for European options, the challenge we face is how to keep the tractability of the new model, which is more complicated than the Heston model. In this paper, we present one way to preserve the tractability by deriving an approximation formula for European option prices at the expense of imposing a restriction that the formula is only suitable for short-tenor European options. In the following, this analytical approximation formula will be derived based on the perturbation method, which has been widely adopted in solving option pricing problems [20, 33, 35] . It should be noticed that our pricing formula is rather simple with only normal distribution function involved and is suitable for options with short tenors, which are dominated in real markets anyway. Finally, to show the performance of our model in real markets, empirical studies are carried out to compare our model and the Heston model with S&P 500 returns and short-tenor options. Results confirm that our model generally outperforms the Heston model, and thus it could be used as an alternative to the Heston model for some markets.
The rest of the paper is organized as follows. In Section 2, we will first briefly introduce our new stochastic volatility model and present the coupled PDE (partial differential equation) system for European options, after which the perturbation method is applied to find pricing formula for options with short tenors. In Section 3, numerical experiments are carried out to show the accuracy of the approximation involved in our newly derived formula. In Section 4, empirical studies are carried out to show the performance of our newly proposed model, followed by some concluding remarks given in the last section.
European options with short tenors
In this section, the dynamics of the regime-switching Heston model are presented and the coupled PDE system governing the European put option prices is given, followed by the approximation formula obtained through the perturbation method.
Let S and v be the underlying price and the volatility respectively, the regime-switching Heston model under the risk-neutral measure is specified as
where W 1 t and W 2 t are two standard Brownian motions with correlation ρ. r is the riskneutral interest rate. k and θ are the mean-reverting speed and level respectively. σ Xt is the volatility of volatility controlled by the Markov chain X t , which is independent of W 1 t and W 2 t . In particular, X t is defined as
when the economy is believed to be in State 1, 2, when the economy is believed to be in State 2,  with the transition between the two states following a Poisson process as
Here λ ij is the transition rate from State i to j, and t ij is the time spent in State i before transferring to State j. Apparently, when the two transition rates λ 12 and λ 21 take the value of zero, our model would surely degenerate to the Heston model.
Following [12] , the state space of X t could be taken to be the set of unit vectors {e 1 , e 2 }, with e 1 = (1, 0) ′ and e 2 = (0, 1) ′ . Here, v ′ denotes the transpose of the vector v. Then, if we let the European put option price vector be denoted by
where < ·, · > denotes the inner product of two vectors, which could certainly yield
By applying the Itô lemma to U , the following equation can be obtained
Considering the fact that the discounted option price e −rt U should be a martingale, the coupled PDE system can be derived as
and
. The terminal condition for a put option 1 is
and the boundary conditions are
The boundary conditions along the v direction are discussed in [36].
To solve the above PDE system with the perturbation method, a small parameter should be introduced. As most of the options traded in real markets are short-tenor, it is reasonable to assume that the time to maturity is small. As a result, we let τ = T − t, and assume τ = ϵT , where ϵ is a small parameter. Moreover, following Zhu & Chen [35] , we also introduce a scaled parameter
5)
In order to eliminate the factor √ ϵK in the initial condition, we set
and expand P i in terms of √ ϵ as
By substituting Equation (2.7) into the system (2.5)-(2.6) and eliminate the O(1) term, we can obtain
It should be noted that v can be regarded as a fixed constant when solving the newly obtained PDEs (2.8) since it does not involve the partial differential derivative with respect to v is not involved in the differential operator. As a result, it is clear that both of the newly obtained PDEs are homogeneous heat equation defined along the real axes, which can be solved with the fundamental solution as
In a similar fashion, we could obtain the PDE for P 1 i , i = 1, 2 by collecting the coefficients of √ ϵ together, which is
for i = 1, 2. It should be noticed that PDE (2.9) is an inhomogeneous heat equation with homogeneous initial condition, which can be solved with green function. However, the calculation is rather complicated and thus alternative ways attempted. Luckily, one way would lead to much simpler formula, which is illustrated in the following. According to the results in [20] ,
As a result, considering the situation that
2 C xx = 0, a particular solution for P 1 i could be obtained as
for i = 1, 2. Therefore, after some algebraic manipulation, we can arrive at the final result written in the original parameters
Obviously, the newly obtained formula is rather simple, which only involves the calculation of the normal distribution function, and thus the implementation of this formula can be as easy as the B-S formula. This is a great advantage as the simplicity of a pricing formula presents enormous benefits in terms of model calibration as well as in line with the increasing demand of super fast computation of option price as a result of recent trend of algorithm trading. It should be pointed out that the mean-reversion speed k and the long-term mean θ of the volatility do not explicitly appear in the final approximation formula for short-tenor options, which implies that the two parameters have little influence on option prices with short time to expiry. This is also the main reason why we make k and θ the same for both regimes. It should also be noted that the small parameter ϵ does not explicitly appear in the final approximation formula, as it is a parameter determined by the tenor of a contract and used to judge the validity of the approximation. Therefore, all we need is to ensure that the time to expiry of a contact to be priced is small enough so that ϵ ≪ 1. Another point that should be emphasized is that although the techniques we employ in the regular perturbation are straightforward, proposing a new solution technique is not what we were trying to achieve in this paper; proposing a new model by introducing regime-switching into the Heston model that can provide a better empirical performance than the classical Heston model is.
Once an approximation formula for short-tenor options is obtained, it is natural for us to numerically check its accuracy, which would be presented in the next section.
Numerical verification
In this section, numerical experiments are conducted to show the performance of Formula Depicted in Figure 1 are the option prices for different underlying prices when time to expiry is one month, and it is clear that the results obtained from our approximation agrees very well with the Monte Carlo prices. Specifically, the point-wise absolute error in Figure   1 .1 less than 0.01, which demonstrates that our approximation is very accurate when the time to expiry is relatively short. On the other hand, When the time to expiry increases to six months, our approximation is still quite close to the Monte Carlo price as shown in the case when the time to expiry is short. This is expected since the approximation is made based on the assumption of small time to maturity. It is also interesting to notice that our approximation performs slightly better for in the money option than the out of money option.
With the confidence of our pricing formula for short-tenor options, empirical studies are carried out with the time to expiry of the chosen options being less than one month to make the comparison of our model and the well-known Heston model, which is a widely adopted stochastic volatility model in real markets, with the results presented in the next section.
Empirical studies
In this section, empirical results are presented and discussed with the Heston model being taken as a benchmark to assess the performance of our model in real markets. In the following, we will firstly describe the data we use and introduce the method adopted for parameter estimation. Then, the performance of these two models is quantitatively compared by the pricing errors measured with the "distance" between model-produced and market prices, and it is widely accepted that a model is regarded as the better one if it exhibits less pricing errors. In fact, pricing errors usually consist of two parts: the so-called in-sample errors and out-of-sample errors. Conventionally, the period in which market data is available is divided into two; the first one refers to a period in which data is used for parameter determination (referred to as the "in-sample observations") and the second one then refers to the period in which data is used to verify the performance of a 
Data description
Our empirical study is conducted on a data set of the S&P 500 Index and European call options written on the S&P 500 Index from Jan 2011 to Jun 2011 2 . However, raw data should not be adopted directly in the estimation since sample noise needs to be eliminated.
Hence, two appropriate filters presented below were applied to the raw data, before they were used to estimate model parameters.
First of all, following a number of authors, such as Bakshi et. al [2] and Christoffersen et. al [7] , only Wednesday and Thursday options data is adopted. In particular, Wednesday options data is used in estimation since Wednesday is least likely to be a holiday in a week and also less likely to be affected by the "day-of-the-week" effect than other days such as Monday and Friday, whereas the corresponding Thursday data serves as the market price to be compared with the predicted price calculated by the estimated parameters.
Another motivation for only using Wednesday data in parameter estimation is that global optimization problems are usually quite time-consuming and choosing one day a week allows us to study a relatively longer time series yielding more reliable results. Secondly, very deep in-the-money and very deep out-of-money options are discarded due to their inactivity in the market and may also have liquidity-related biases [29] . Specifically, options with the absolute moneyness, defined as the relative difference between the S&P 500 Index value and the corresponding strike price (M oneyness = S − K K ) over 10% are excluded.
It should be noted that after these filters are applied, more efficiency can be achieved in the process of parameter estimation with all the important information still preserved according to various previously conducted empirical studies in the literature [2, 7] .
As for the risk-free interest rate, we choose the one-month U.S. Treasury Bill Rate, which is released daily, as a proxy of the risk-free rate [4, 29] since the time to expiry of the selected options is less than 30 days. Upon the preparation of all the data described above, parameter estimation was conducted, following a simple flow chart (cf. Figure 2) exhibiting the specific steps in our empirical studies. Clearly, adopting a genetic algorithm as the main tool of optimization forms the core of the determination of model parameters, the details of which are described in the next subsection.
Parameter estimation
In this section, we first provide a brief summary of the model parameters that need to be determined in both models and then introduce a genetic algorithm used to determine model parameters. Recall that the Heston model is specified as
where the following five parameters, i.e. the mean-reversion speed k, the long-term mean θ, the volatility of volatility σ, correlation ρ between W t and B t and the initial value of volatility v 0 , need to be determined from real market data, before the Heston pricing formula could be used to calculate the "fair" price of an option.
On the other hand, it should be pointed out that it is usually very difficult to determine which state the current underlying price belongs to in real markets. Thus, following [17] , it is more reasonable to assume that the state is unobservable and regard the probability of each state at the point when the option contact needs to be priced as another parameter that needs to be estimated. To be more specific, if we let π denote the probability of the underlying price belonging to State 1, it is not difficult to find that the option price U model under our newly proposed model should be calculated as
It should be pointed that there are actually five parameters which need to be estimated, i.e., the probability π and the four parameters, ρ, σ 1 , σ 2 , v 0 , in the expression of U 1 and U 2 .
In other words, the size of parameter space remains the same as that of the Heston model. contracts, which are the most popular cases in financial markets anyway. It should also be stressed that when using the pricing formula (4.2), the parameter estimation process for our model is similar to that for the classical Heston model, and there is no need to conduct separate estimation for the probability π and the two values for the volatility of volatility in the two regimes, σ 1 and σ 2 . This is because the three parameters can be simultaneously obtained with other model parameters with optimization algorithms, which will be illustrated in the following.
Now we have figured out all the parameters that need to be determined, it is time to find an appropriate approach. A common one is to find the set of "optimal" parameters that minimizes the "distance" between market and model prices. Actually, there are different kinds of definition for the distance, a common one is to take the percentage mean squared error (PMSE)
as the objective distance function to measure the relative difference between market and model prices. Here U M arket denotes the market price of an option contract from one sample, U M odel represents the corresponding calculated price with our pricing formula with a particular set of parameters and N is the total number of observations selected in a single estimation. However, the main disadvantage in choosing such an objective function is that a cheap option (i.e., low U M arket ) could place an abnormally high amount of weight in PMSE. Therefore, following Christoffersen & Jacobs [6] and Lim & Zhi [25] , we instead chose the dollar mean-squared errors
as the objective function. In this case, with a given set of data, what we need to do is to use particular techniques to search the parameter space to find a set of parameters that can minimize the MSE between the model price and the market price.
Another issue is how to choose an appropriate optimization method. It should be noticed that although local minimization, which requires an initial guess that is very close to the true optimal solution, can be much less time consuming, its results are usually not reliable since it depends too much on the selected initial guess. In fact, the objective function (4.3) is not necessarily convex and thus there could exist several local minima, which would probably result in a local minimum being taken as the global minimum. In contrast, a properly designed global optimization should able to skip local minima and correctly identify the global minimum in an efficient way.
A genetic algorithm [8] is such a global optimization with some very nice properties. It is based on the idea of natural selection, introducing stochastic factors when searching for a satisfactory result in order to skip over local optima. One of the most important reasons for us to adopt this particular algorithm is that it randomly selects a number of different initial guesses to explore the entire solution space. Moreover, a so-called "mutation" step in the optimization process allows the algorithm to avoid local minima by preventing parameters from being restricted to a small region. In the literature, genetic algorithms have been applied in finance by quite a few researchers already. For instance, Gimeno & Nave [14] conducted estimation of the term structure of interest rates with a genetic algorithm while
Grace [15] , Cont & Ben Hamida [9] and He & Zhu [18] have adopted it in the area of option pricing. It is even pointed out by Bajpai & Kumar [1] that genetic algorithms are one of the best global optimization methods and can provide high quality solutions since they are intrinsically parallel and can explore the solution space in multiple directions at the same time.
It should be remarked that another advantage of adopting a genetic algorithm is its implementation in the Matlab is straightforward by using a built-in function ga. As a result of the numerical implementation, Table 1 exhibits the estimated daily averaged parameters extracted from the selected market data for the two models under consideration in this paper, respectively. 
Empirical comparison
In this subsection, the performance of our model and the Heston model in real markets is compared using the extracted parameters. In terms of model performances, it is widely accepted that a model is regarded better if there exist less accumulated pricing errors calculated by the distance between model prices and market prices. Here, we adopt the root mean-squared error (RMSE), which is the square root of the objective function (MSE), as a measure of "goodness of fit". Table 2 exhibits the in-and out-of-sample errors for the two models. our model still shows a much better performance than that of the Heston model, and the relative difference between them is even a bit smaller at 66.29%. Therefore, combining both in-sample and out-of-sample observations, we can conclude that our model serves as a better choice than the Heston model for the data set chosen in this comparison. One of the main reasons for such a significant improvement is that the chosen market does possess different regimes. Naturally it is expected that the market dynamics are better captured by a regime-switching stochastic volatility model.
It is also interesting to notice that the RMSE for out-of-sample errors is always much larger than that for in-sample errors. This is not difficult to understand since model 3 The relative difference is defined as
Relative difference = Our model error Heston model error .
prices are calculated with determined parameters. Those obtained with in-sample data are believed to be "closest" to market prices of the corresponding option contracts, which implies that in-sample errors should be relatively low, while out-of-sample data are only used as the verification of option prices and certainly there is no guarantee that out-ofsample errors be low.
On the other hand, options are traded with a wide range of strikes in real markets and thus it is important to check the out-of-sample valuation errors sorted by moneyness, which are shown in Table 3 . While the range of moneyness is indicated on the top row of the table, the abbreviation in the parentheses indicate "out of money" "at the money"
and "in the money", respectively, from the left to the right columns. From this table, it is clear that the performance of our model is better than that of the Heston model in all of the three categories. Although the improvement for at-themoney options is lowest, the daily averaged pricing error for our model are around 72% of that for the Heston model, which is quite significant. The maximal improvement occurs for the category of out-of-money options, where the relative difference even fall below 50%. Thereby, we can confidently conclude that our model has given an overall better performance than that of the Heston model. Of course, this conclusion is based on the empirical test of one set of data. It is quite possible that the performance of these two models may reverse with some other data sets. However, our empirical study presented here can at least suggest it may offer as a good competitor of the Heston model for short-tenor options in some other markets, such as commodity and futures exchange markets.
Conclusion
In this paper, an approximation pricing formula for European options under a newlyproposed stochastic volatility model is presented. The main contributions of our contribution can be summarized into three items: 
